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Abstract 

A limiting diagram for the Segre classification of the energy-momentum 
tensor is obtained and discussed in connection with a Penrose specializa- 
tion diagram for the Segre types. A generalization of the coordinate- free 
approach to limits of Paiva et al. to include non-vacuum space-times is 
made. Geroch's work on limits of space-times is also extended. The same 
argument also justifies part of the procedure for classification of a given 
spacetime using Cartan scalars. 

PACS numbers: 04.20.-q 04.20. Cv 04.20.Jb 

1 Introduction 

The matter content in general relativity theory is described by a second order 
symmetric tensor, the energy-momentum tensor. Under limiting processes, one 
would like to know which energy-momentum tensors might arise. A step in this 

study is the investigation of the limits of classes of energy-momentum tensors. 
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A classification of tliis tensor is known according to its Segre type. It seems, 
tfierefore, important to investigate tfie relations among tfie Segre types under 
limiting processes. 

In 1969, Geroch studied limits of space-times (see also ||2^). Among other 
features, he showed that the Penrose [0 specialization diagram for the Petrov 
classification (figure |1]) is in fact a limiting diagram, in the sense that under 
limiting processes only space-times with the same Petrov type or one of its spe- 
cializations can be reached. Recently, a coordinate-free technique for studying the 
limits of vacuum space-times was developed and the limits of some well known 
vacuum solutions were investigated In this approach the Geroch limiting 

diagram for the Petrov classification was extensively used. Afterwards limits of 



non- vacuum space-times were studied and the Penrose specialization diagram 



for the Segre classification ||19| , |20| , ^ was used. 

The main aim of this paper is to build a limiting diagram for the Segre classi- 
fication. We also compare our diagram with the Penrose specialization diagram 
for the Segre types, obtained through a different approach in another context. 
Moreover this work extends Geroch's results on limits of space-times, and it also 
generalizes the Paiva et al. |T7| coordinate- free approach to limits so as to include 
non- vacuum space-times. 

We shall use in this work the concept of limit of a space-time introduced in 
reference fl^, wherein by a limit of a space-time, broadly speaking, we mean a 
limit of a family of space-times as some free parameters are taken to a limit. For 
instance, in the one-parameter family of Schwarzschild solutions each member is 
a Schwarzschild space-time with a specific value for the mass parameter m. By 
space-time we understand a real 4-dimensional differential manifold with a metric 
of signature (H ) together with the attendant structures usually required in 
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general relativity theory . 

We also note that although our main aim is to consider families of space- 
times, the same arguments about possible limits apply to the Segre type along 
curves within a given spacetime, and thus enable us to show that the use of 
these types in the classification by Cartan scalars satisfies the local constancy 
requirement stated by Ehlers[^]. Correspondingly, when we speak of the Segre 
type of a spacetime we mean the Segre type at a generic point — the limits of 
behaviours at special points must also be limits obtainable from the generic type. 

Our major aim in the next section is to present a brief summary of Geroch's 
hereditary properties and discuss some basic properties of Segre classification 
required for section |^. In section ^ we study new hereditary properties and build 
a limiting diagram for the Segre classification. In section |^ we discuss our results 
and their applications. 

2 Prerequisites 

Geroch shows that there are some properties that are inherited by all limits of a 
family of space-times. These properties he called hereditary. The first hereditary 
property devised by Geroch can be stated as follows: 



Hereditary property (Geroch): (2.1) 

Let T be a tensor or scalar field built from the metric and 

its derivatives. If T is zero for all members of a family of 

space-times, it is zero for all limits of this family. 
From this property we easily conclude that the vanishing of either the Weyl 

or Ricci tensor or the curvature scalar are also hereditary properties. What can 

be said about the Petrov and Segre classifications of those tensors under limiting 
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Figure 1: Limiting diagram for the Petrov classification. 

processes ? 

As far as the Petrov classification is concerned, using the above hereditary 
property, Geroch showed that although the Petrov type is not a hereditary prop- 
erty, "to be at least as specialized as type ..." is. In other words, the Penrose 
specialization diagram for the Petrov classification (figure |l]) was shown to be 
a limiting diagram. For the sake of simplicity, in the limiting diagrams in this 
paper, we do not draw arrows between types whenever a compound limit exists. 
Thus, in figure |I|, e.g., the limits I —>■ II ^ D imply that the limit I ^ D is 
allowed. 

The Segre classification in general relativity arises from the eigenvalue problem 
{S^ - X6^)V'' = constructed with the trace-free Ricci tensor =^ - \51R . 
By virtue of Einstein's equations, and the energy-momentum tensor have the 
same Segre type. For an account of the Segre notation and Jordan matrices used 



throughout this article see H, 25 1. The system above has non-trivial solution only 



for the values of A for which the characteristic polynomial 

det {St - \5t) (2.2) 
is equal to zero. The fundamental theorem of algebra ensures that, over the 
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complex field, it can always be factorized as 

(A - Ai)'^^ (A - ■■■ (A - A,)"'- , (2.3) 

where A, = 1, 2, ■ ■ ■ , r) are the distinct roots of the polynomial (eigenvalues), 
and di the corresponding degeneracies. To indicate the characteristic polynomial 
we shall introduce a list {di ^2 ■ ■ ■ d^^ of eigenvalues' degeneracies. However, 
when complex eigenvalues exist, instead of a digit to denote the degeneracies we 
shall use a letter. So, in table for example, we have {z^ll} and {2zz} instead 
of {1111} and {211}, respectively. 

We shall now discuss the minimal polynomial, which will be important in the 
derivation of a limiting diagram for the Segre classification. Let P be a monic 
matrix polynomial of degree n in S""^, i.e., 

P = 5" + Cn-l 5"-' + Cn-2 + ■ ■ ■ + Ci S + Co 5 , (2.4) 

where 6 is the identity matrix and c„ are complex numbers. The polynomial P 
is said to be the minimal polynomial of S if it is the polynomial of lowest degree 



in S such that P = 0. It can be shown |^8| that the minimal (monic) polynomial 
is unique and can be factorized as 

{s - Xisr' (s - X2sr' ■■■ (s- Xr6r- , (2.5) 

where rrii is the dimension of the Jordan submatrix of highest dimension for 
each eigenvalue Aj. We shall denote the minimal polynomial in a compact form 
through a list ||mi m2 ■ ■ ■ m,. ||. 

We can now find the characteristic and minimal polynomials for each Segre 
type. The power of the term corresponding to each eigenvalue in the characteris- 
tic polynomial is the sum of the dimensions of the Jordan submatrices with the 
same eigenvalue, whereas in the minimal polynomial the power is the dimension 
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Table 1: Characteristic and minimal polynomials (columns - CP and rows - MP) 
corresponding to the Segre types in general relativity. 

of the Jordan submatrix of highest dimension with that eigenvalue. Thus, for 
example, while Segre types [(1,11)1], [(21)1] and [31] have the same characteris- 
tic polynomial, denoted by {31}, their corresponding minimal polynomials are, 
respectively, given by ||11||, ||21|| and ||31[|. On the other hand, while the Segre 
types [2(11)] and [(21)1] have the same minimal polynomial, denoted by ||21||, the 
associated characteristic polynomials are, respectively, given by {22} and {31}. 
Table |1| shows the characteristic and minimal polynomials corresponding to each 
Segre type. 

Before closing this section we notice that: (i) the explicit expressions for the 
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minimal polynomial of a traceless real symmetric tensor defined on a Lorentzian 
space can be found in Bona at al. and (ii) the minimal polynomial actually 
yields a contracted identity for S^, which allows the setting up of a generalized 
algebraic Rainich condition for this tensor 0. 

3 Limiting Diagram for Segre Types 

In this section, we shall first discuss limiting diagrams for both the characteristic 
and minimal polynomials, and combine them to determine a limiting diagram for 
the Segre classification. Afterwards, we shall discuss new hereditary properties 
to refine this first version of the limiting diagram for the Segre classification. 

From its definition (|2.2|) , the characteristic polynomial is built from the metric 
and its derivatives. Therefore the eigenvalues, i.e., the roots of the characteristic 
polynomial, are scalars built from the metric g and its derivatives. The minimal 
polynomial, in its factorized form (|2.5|), is a function only of the trace-free Ricci 



tensor and the eigenvalues, thus it is also built from the metric and its derivatives. 
Since the characteristic and the minimal polynomials are, respectively, a scalar 
and a tensor, the hereditary property (|2.1|) can be applied to both. 

The difference between two roots of the characteristic polynomial is also a 
scalar which can built with g and its derivatives. Therefore, at each degeneracy 
one scalar becomes zero and thus, by the hereditary property under a 

limiting process, the degeneracy of the characteristic polynomial either increases 
or remains the same. Besides, the real and imaginary parts of complex roots are 
also scalars which can be built with g and its derivatives. Therefore, Segre types 
with real roots cannot have as a limit a Segre type with a non-real root. Further, 
it can be shown (see appendix A) that the limits {z^ll} {1111}, {2zz} 
{211} and {2zz} —>■ {31} are forbidden. These results are summarized in the 
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limiting diagram for the characteristic polynomial shown in figure ^ 

Let Pn be the minimal polynomial (of degree n) of the trace-free Ricci tensor 
S§ of a family of space-times. We recall that by virtue of Einstein's equations 
and the energy-momentum tensor Tj^ have the same Segre type. By defini- 
tion Pn = for all members of this family. Thus, according to the hereditary 
property P„ = for all limits of this family. Since the minimal polynomial 

is uniquely defined, for all limits of this family the minimal polynomial of the 
trace-free Ricci tensor is either P„ or a lower degree polynomial. In other 
words, under limiting processes of a family of space-times the degree of the mini- 
mal polynomial either decreases or remains the same. Besides, from the limiting 
diagram for the characteristic polynomial in figure ^ we notice that the number of 
distinct eigenvalues either decreases or remains the same under limiting processes. 
Taking into account these two properties, we can work out the limiting diagram 
for the minimal polynomial also shown in figure |^, where the columns correspond 
to the same degree of the minimal polynomial, and the rows correspond to the 
same number of eigenvalues. 

From the limiting diagrams for the characteristic and minimal polynomials 
in figure |^, and table (which relates these polynomials to the Segre types) we 
can draw the first limiting diagram for the Segre classification, shown in figure ^. 
Indeed, starting from the limiting diagram for the minimal polynomial in figure ^, 
we substitute for each minimal polynomial the corresponding Segre types taken 
from table |l[ At this point we do not take into account the character of the 
eigenvectors. Therefore, we represent the Segre types [(1,1)11] and [1,1(11)] by 
[(11)11] and the Segre types [(1,11)1] and [1,(111)] by [(111)1]. Besides, we notice 
that in four situations more than one Segre type is associated with the same 
minimal polynomial, namely to the minimal polynomial ||21|| corresponds Segre 
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{1111} {zzU} ||1111|| 

■J, J, X 

{211} {2zz} ||211|| ||111|| 

{31} {22} ||31|| ||21|| ||11|| 

{4} ^ ||3|| ^ ||2|| ^ ||1|| 

CHARACTERISTIC POLYNOMIAL MINIMAL POLYNOMIAL 

Figure 2: Limiting diagrams for the characteristic and minimal polynomials. The 

minimal polynomials ||22|| and ||4|| are not shown since they cannot correspond 



to Segre types in general relativity Ig, 12 



types [(21)1] and [2(11)], to the minimal polynomial ||11|| corresponds Segre types 
[(111)1] and [(11)(11)], to ||111|| corresponds [11(11)] and [^^(11)], and finally to 
the minimal polynomial ||1111|| corresponds the Segre types [1111] and [z^ll]. 

In order to distinguish the Segre type [(21)1] from the type [2(11)], and the 
Segre type [(111)1] from [(11)(11)], we shall now consider the information in the 
limiting diagram of the characteristic polynomial (figure We notice that while 
the Segre types [(11)11] may have as limit types [2(11)] and [(21)1], the Segre 
type [31] may have as limit the type [(21)1] but not the type [2(11)]. Similarly, 
the Segre type [2(11)] may have as its limits the types [(31)] and [(11)(11)], while 
the Segre type [(21)1] may have the types [(31)] and [(111)1] as its limits. This 
completes the limiting diagram for the Segre classification shown in figure ^ (see 
also ref. [0). 

It remains to study the consequences of distinguishing Segre types which differ 
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Figure 3: First diagram for the limits of Segre types. This diagram does not take 
into account the character of the eigenvectors. 



by the character of the eigenvector. To this end, we shall now consider the 
type [(11)11] as representing a set of two types, namely [(1,1)11] and [1,1(11)]. 
Furthermore, the type [(111)1] will be looked upon as a set of the types [(1,11)1] 
and [1,(111)]. Firstly we will check whether type [(1,1)11] can have [1,1(11)] as 
its limit and vice-versa, and similarly whether the type [(1,11)1] can have the 
type [1,(111)] as its limit and reciprocally. Secondly, we shall find out whether 
the Segre types which can have as limit one of these two Segre set-types can have 
as limit both members of the set. Finally, we examine whether the Segre types 
which can be a limit of one of these two set-types can be a limit of each member 
of the corresponding Segre set-type. 
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To deal with the questions we have raised in the previous paragraph we shall 
introduce three hereditary properties. The first one is a corollary of the prop- 



erty (2.1) and can be stated as follows. 



Hereditary property: (31) 
Let E he a scalar field built from the metric and its deriva- 
tives. If E is nonzero and E > {or E < 0) for all members 
of a family of space-times, then E > {or E < 0) for all 
limits of this family. 
The second hereditary property (for a proof see appendix B) we shall need 
can be stated as follows 

Hereditary property: (3.2) 
If the trace-free Ricci tensor has a null eigenvector for all 
members of a family of space-times, then all limits of this 
family will also have a null eigenvector. 
The Segre type [1,(111)] cannot be obtained as a limit of the type [(1,11)1] be- 
cause the latter has null eigenvectors and the former not. The Segre type [(1,11)1] 
cannot be obtained as a limit of the type [1,(111)] because this would involve a 
change in sign of the invariant in the Ludwig-Scanlan classification (types Ai 
and A2, cf. [13, §]). We note that this invariant also appears in Seixas in a 



different context. 

Again, a consideration of the invariants in the Ludwig-Scanlan classification 
types B and C together with the remark concerning the associated quartic curve 
classification of Penrose [|I^, ^ that a curve of Penrose type B cannot have as its 
limit a Penrose curve of type CC and vice-versa, shows that the limits [(1,1)11] 

[1,1(11)], [1,1(11)] ^ [(1,1)11] and [(1,1)11] ^ [2(11)] are forbidden. 
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In the diagram of figure ^ the Segre type [211] could have as a hmit the generic 
set-type [(11)11]. Nevertheless, from the above property ( p.2|) we verify that [211] 
can have the type [(1,1)11)] as limit, but it cannot have as limit the type [1,1(11)]. 
Similarly, in figure |^ the Segre types [(21)1], [31], [(1,1)11] and [211] could have 
as limit the generic set-type [1(111)]. However, the above hereditary property 
shows that they can have as limit the type [(1,11)1] but not the type [1,(111)]. 

The last hereditary property (see appendix B for a proof) we shall need is 

Hereditary property: (3.3) 
If the trace-free Ricci tensor has a pair of complex conjugate 
eigenvalues for all members of a family of space-times, then 
all limits of this family will have either a pair of complex 
conjugate eigenvalues or at least a null eigenvector. 
In the diagram of figure ^ the Segre type [2:^1 1] could have as limit the generic 
set-types [(11)11] and [1(111)]. However, according to the hereditary proper- 
ties ( p^) and ( p.3|) we conclude that although the type [^^11] can still have as its 
limit the types [(1,1)11] and [(1,11)1]), it cannot have as limit the types [1,1(11)] 
and [1,(111)]. 

Table @ summarizes the limits which were forbidden by the corresponding 
hereditary properties we have studied in this section. This table together with 
the diagram in figure |^ lead to the limiting diagram in figure |^. 

4 Conclusion 

We have built a limiting diagram for the Segre classification (figure ^) based upon 
hereditary properties. To achieve this goal we have extended Geroch's hereditary 
properties M. As a matter of fact, we have introduced the properties (|3.1|), 



( |3.2|) and ( p.3|) , worked out limiting diagrams for the characteristic and minimal 
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Table 2: Limits forbidden by the hereditary properties 3.1, 3.2 and 3.3 



polynomials (figure |^), and used them to construct the limiting diagram shown 
in figure |. 

The limiting diagram for the Segre types we have studied in this article essen- 
tially coincides with the Penrose specialization diagram for the Segre classification 
[|T9| , ^. As the Penrose specialization is an inverse relation to deformation p^ , 
the Sanchez-Plebahski-Przanowski deformation scheme can be obtained from the 
diagram of figure 4 simply by reversing the arrows — limiting and deformation 
are inverse processes in a sense. 

Actually, the Penrose diagram is not quite the same as ours since it contains 
further subdivisions of the Segre classification. Nevertheless, if one rejoins the 
subdivided cases the two diagrams become identical. 

The limiting diagrams of the Petrov and the Segre classification play a funda- 



mental role in the study of limits of space-times |T^, |T^, [T^, as briefiy discussed in 
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[(1,1)(11)] [(31)] [1,(111)] [(1,11)1] 



[(211)] 




[(1,111)] 



Figure 4: Diagram for the limits of the Segre types of the energy-momentum 
tensor in general relativity. 



the introduction. The major result of the present work, i.e. the limiting diagram 
for the Segre types, also extends the coordinate-free approach to limits of vac- 
uum space-times (where only the Petrov classification is relevant) to non- vacuum 
space-times, where the Segre classification plays an essential role. 

The diagram in figure |^, based on the vanishing of scalars built with the 
metric and its derivatives together with the further subdivisions corresponding 
to the signs of certain scalars, show that the Segre classification meets Ehlers' 
requirement!^] that discrete invariants should be locally constant. This amounts 
to saying that the possible limits along curves in a given spacetime are the same 
as those for one-parameter families of spacetimes. Within a given spacetime. 
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if the Segre type at a generic point is known, more special types occur only 



on submanifolds of lower dimensions, as in the Petrov classification ||23[. This 
justifies one of the steps in the spacetime classification scheme based on Cartan 
scalars [1^ . 
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Appendix A: Forbidden Limits of the Character- 
istic Polynomial 

Our aim in this appendix is to discuss the three forbidden limits involving the 
characteristic polynomial with complex roots, which have been incorporated in 
the diagram of the left hand side in figure ^. 
Let 

D = {Xi- A2)'(Ai - A3)'(Ai - A4)'(A2 - A3)'(A2 - - \,f (A.l) 

be the product of the squares of the differences of the 4 roots of the characteristic 
polynomial. By direct substitution of real, and then complex conjugate roots, 
one can easily show that D is positive for {1111} and negative for {^^11}. Since 
D is built with the metric g and its derivatives, according to the hereditary 
property ( p.l|) the limit {2:^11} {1111} is forbidden. 
Let now 

M = (Ai - A2)'(Ai - A3)'(A2 - A3)' (A.2) 

be the product of the squares of the differences of the 3 distinct roots of the 
characteristic polynomial {211} and {2zz}. Similarly, by direct substitution of 
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real, and then of complex conjugate roots, one shows that M is positive for {211} 



and negative for {2zz}. Again, using the hereditary property (|3.1| ) the limit {2zz} 
{211} is forbidden. 

To deal with the limit {2zz} {31} consider the following six scalars (built 
with the metric and its derivatives): (Ai — A2)^, (Ai — Aa)^, (Ai — A4)^, (A2 — Aa)^, 
(A2 — A4)^, (A3 — A4)^, which are the squares of the differences of each pair of roots. 
For {2zz} these scalars are such that one is a negative real number, another is 
zero, and the remaining four are two equal complex numbers and their complex 
conjugates. For {31} they are three equal real positive numbers, and three zeros. 
Now, from hereditary properties ( p.l|) and ( p.lj) one finds that if the limit {2zz} 
—>■ {31} were permitted then the scalar which is zero would have to remain zero 
and the scalar which is negative would have to become zero, since {31} has no 
negative scalars. Further, to allow that limit, one out of the 4 complex scalars 
would have to become zero, and the remaining three would have to become equal 
positive real numbers, which clearly is not possible. Therefore the limit {2zz} 
{31} is forbidden. 

Appendix B: Proofs of Hereditary Properties 

Our aim in this appendix is to present proofs of the hereditary properties ( p.2|) 
and (^. 

The property ( |3.2| ) can be proved as follows. Let S be the set of real space- 
time directions at a point p in the space-time manifold M and let be the subset 
of real null directions at p with respect to the limit metric g at p. Let R be the 

limit Ricci tensorQ at p. If A; is a real vector at p and [k] the corresponding real 
^Clearly the Ricci tensor has the same Segre type as the trace- free Ricci tensor. 
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direction at p, so that [k] G S, define a map / : 5" (—> M by 

p p l^ac l.bd 

^ ^ W " ITO^ • («'^) 

where /i is a positive definite metric at p and 

Pab = Rc[ah] . (B.4) 

Then clearly /([fc]) is well defined on S and vanishes if and only if Pab = 0, which 
is equivalent to k being an eigenvector of R. Now S (~ P^ M) is compact and A^, 
being a closed subset of S, is also compact. So if R has no null eigenvectors at p, 
f is nowhere zero on A^. Since is compact and connected and / continuous in 
the natural topologies on S and R it follows that / is bounded away from zero. 
Hence there exists e > such that f > e on N. It follows that any "sequence" 
of Ricci tensors approaching R (and associated metrics approaching g) must be 
such that they "eventually" have no real null eigenvectors. The result now follows 
by contradiction. 

To prove the hereditary property ( p.3|) it is sufficient to show that the only 
types forbidden as a limit by ( |3.3| ) (i.e. the only remaining Segre types not ad- 
mitting a null eigenvector) namely [1,(111)], [1,1(11)] and [1,111] cannot occur as 
a limit. Now the fact that [1,111] cannot occur as such a limit can be seen either 
by considering minimal polynomials or by considering the quartic curves in the 



Penrose scheme [|^. The other types appear in the Ludwig-Scanlan classification 
scheme as 



(a) 


[1,(111)] 


A2± 


(b) 


[1,1(11)] 


B3f,g 


(c) 


[1,1(11)] 


B5a,b 


id) 


[1,1(11)] 


Ci± 



17 



The possibility (b) can be eliminated by appealing again to the Penrose curve 
classification. To remove the remaining cases (a) (c) and (d) consider the contin- 
uous map f : S ^ R given in the above notation by 

Then f'{[k]) = Rabk"'k'^ = and so the points of where /' vanishes 
are the real null vectors £ satisfying Rab = (the "generalized Debever- 
Penrose directions" see also |@). A similar argument to that given regarding 



the hereditary property ( |3.2| ) together with the facts that types (a), (c) and (d) 
above have no such generalized Debever-Penrose directions whereas the Segre 
types [zzll] and [2:^(11)] have infinitely many completes the proof. 
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